1134 ' AIAA JOURNAL

VOL. 3, NO. 6

Technical Notes

Characteristic Roots for Donnell’s
Equations with Torsion

T. C. Fan*
North American Aviation, Inc., Downey, Calif.

Nomenclature

radius of cylindrical shell

parameter = (1 + AZ)V/2

elasticity modulus

thickness

(—1)v/2

index

circumferential harmonic, a positive integer

complex-valued root

complex-valued root for zero prestress

(p/a)(*)V/?

const

lateral displacement ratio = w*/q

lateral displacement

axial coordinate = ax(e*)V?

circumferential coordinate = a¢*

complex variable

complex number

complex number = A/4f,?

see Eq. (21)

small number = p;/%

h/2a[3(1 — »2)]V2

circumferential lobe number parameter = 4n2e*

Poisson’s ratio

stress ratio = ps(A)V2

stress ratio = 7%/a¢;

classical buckling stress for long cylinders subject to the
compressive axial stress = 2F¢*

shear stress ratio = 7*/nr¢

uniformly distributed shear stress

critical torsional shear stress for long cylinder =
2E[(e*)*]V2/(3)V4, Ref. 4

angle

angle index = (e*)V%p

Laplacian operator

Laplacian operator
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Basic Equations

OR a long, thin-walled cylindrical shell subjected to tor-
sional shear stress, assumed to be uniformly distributed,
the Donnell’s equation? is

*EL *8 4k El]/ 94_10* *4 * az—/w* —
A —m Y YT e TV ) T

)

With proper substitution of notations defined in the Nomen-
clature, Eq. (1) can be expressed as

Vow -+ 0*w/0x* + 4V*[p;(0*w/020¢)] = 0 @

The solution of Eq. (2) is assumed to be in the form of w =
W exp(p*z* + ing*). With further substitution of z* =
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ax(e*)V? and ¢*(e*)V'2, the assumed solution can be rewritten
as

w = W explpzr + inp(e*)V2] (3a)
Let
A = 4n2e* (3b)

Then with Eq. (8) in Eq. (2), the polynomial of Donnell’s
equation is obtained

[P = (/DT + p* + ZopA2pt — (A/HDT = 0 (&)
Approximation for Roots
Equation (4) can be replaced by
2+ 20Z — p* =0 5)
by making use of the following identities
Z = (I/ip)[p* = A/HP

If | pi/p| « 1is assumed, then the binomial expansion of roots
of Eq. (5) can be approximated by an exponential series in
o1/p. The preceding operation transforms Eq. (4) into

pr = psAl?

=+ ip? exp(£p/p) = [p* — (A/4)]? (6)
For p, = 0, Eq. (6) can be written as
p*+ [p* — A/ = (6a)

Two roots of Eq. (6a)%? are

o = [1/22)2]{ — 1 — (C + H)Y2 — [l +

(€ — MV} (Ta)
P = [1/22)Y2]{1 — (C + )2 +4[L —

(€ — M2} (7b)
These two roots have negative real parts and nonvanishing
imaginary part for A > 0. Six other distinet roots of Eq.
(6a), fo; (7 = 3, 4,...,8), can thus be obtained for A > 0 by
taking complex conjugates and negative of fig; and Bs.

For p; # 0, the fy; are perturbed; a new root p; is con-
structed from each @y, as

p = Bo(l + ae) (8)
where a is a complex number independent of p;.  The validity
of assuming |e| small can be shown as follows. By listed
definitions »

€= Pl/ﬁo = pSA1’2/j)‘0 )

Tor A > 0, Egs. (7) show that |fy;] > 0 (7 = 1,2,...,8).
Hence [¢| can be made as small as desired by restricting ps to
be small. As A tends to zero, |fu| tends to unity, but
|Poz| behaves as .

|ﬁ021 =~ nle* = A/4: (10)

Hence, for small A, in the case of iy and similar cases, |e| be-
haves as

el = 40,/ ()2 = 2p./5(e)¥ (1)

Therefore, the limiting value of |¢| for £y, as A tends to zero,
using Eq. (11) and listed definitions for p,, 7, and .y, is

lel = 2/n@)V41(r*/7er) (12a)

It is observeds that, for application of Donnell’s equation,
n must be moderately large. Thus, the coefficient of 7*/7
in Eq. (12a) is less than unity. Besides (7*/re) < 1 is a
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necessary condition for torsional stability. Thus le| re-
mains small in the case where A tends toward zero. In
general ¢ may be written as

€ = [(eX)2/ )V I(AY/Po) (7% /7er) (12b)

In the case where A is of order one, then Eq. (7) shows that
[AY2/ 8| is of order one. Since for thin-walled shells,
(e*)V2 « 1, then it follows that, in this case, all |¢] « 1.
Therefore, for thin-walled shells and n moderately large,
le] « 1 may reasonably be assumed for all 7* less than the
critical buckling value 7.,. Thus €? and higher-order ¢ terms
may be neglected for the evaluation of « in Eq. (8).

Let

A4 =P8 (13)

where 8 is a complex number. Then Eq. (6) can be con-
veniently rewritten with the help of Egs. (8, 9, and 13) as

+3(1 + ae)? exp(Fe/l + ae) = H[(1 + ae)? — B2 (14)

Rearrangement of Eq. (14) as a linear function of e gives

4o
— +
<2a:Fl 1_6)6

Cor )
(05— 21oem — 2100t = §) [ =0 (19

Since Eq. (15) is assumed to be true for some range of 0 <
€ < 1 in which € can take any value, then it follows that Eq.
(15) can be established only if the coefficients of € are identi-
cally zero. The coefficient of € is automatically satisfied,
since fy satisfies Eq. (6) with py = 0. Both e, and i, have
been defined so as to take the plus () sign in the coefficient
of € as can be verified by comparing Eq. (6a) with the identity
[Eq. (5a) of Ref. 2]
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Fig. 1 Approximation to real and imaginary roots of Eq.
(4) as function of shear stress ratio 7 for various values of
circumferential lobe number parameter A.
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Similarly, when p; # 0, « is taken to be

a=B-1/208+1) (17

The combination of Eqs. (8) and (17) yields the required
roots, namely,

p = Pefl + [(B — 1)/2(8 + 1)]e} (18)

Substitution of the listed definitions of 7 and A in Eq. (12b)
leads to

e = Ar/2(3)"p (19)

Therefore, Eq. (18) can be rewritten by making use of Eq.
(19) as

p = fo+ [(B = DA/AB)V(B + Dir (20a)
= Po; + Bos7 (1=123,4) (20b)

where
o Boy = (B — DA/AB)V (B + 1) (21a)

Boi = (A — 4P ") A/4(3)V*(A + 450 (21b)

if Eq. (13) is introduced in Eq. (21a).

The roots of p vs 7 are shown in Fig. 1. It is revealed that,
for A >0and 7 =2 0, ps = p; and ps = P». The proof is
obvious since 7 is real and the conjugate relation holds in Eq.
(20b). Finally, the negatives of these four roots complete the
eight distinet roots of p; in Eq. (4).
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Review of Recent Developements in
Turbulent Supersonic Base Flow

Anvep R. Wazzan*
Unaversity of California at Los Angeles,
Los Angeles, Calif.

Introduction

'WO-DIMENSIONAL supersonic base-pressure problems

and, in particular, the flow over a backward-facing step
have been successfully analyzed, to a certain extent, by
various authors.!=® The flow model used by most authors
has four basic components (the mixing region, the region of
confluence, the wake, and the main flow). Of these, the re-
attachment phenomens in the region of confluence is rather
an important one and, in the case of flow over a step, dom-
inates the variation of base pressure. Setting the pressure
rise to reattachment equal to the difference between the base
pressure and the pressure far downstream, Korst* obtained
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